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Synthetic biology

z Synthetic biology: application of engineering approaches to
produce novel artificial devices using biological building blocks

banana-smelling

bacteria
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Synthetic biology

z Synthetic biology: application of engineering approaches to
produce novel artificial devices using biological building blocks

banana-smelling

bacteria

z Numerous potential engineering and medical applications

• biofuel production, environment depollution, . . .

• biochemical synthesis, tumor destruction, . . .
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Need for rational design

z Gene networks are networks of genes, proteins, small molecules and
their regulatory interactions

transcriptional cascade [Hooshangi et al., PNAS 05]

ultrasensitive IO response
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Need for rational design

z Gene networks are networks of genes, proteins, small molecules and
their regulatory interactions

transcriptional cascade [Hooshangi et al., PNAS 05]

ultrasensitive IO response

z Network design is difficult

Most newly-created networks are non-functioning and need tuning
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Analysis of piecewise multi-affine (PMA) models

z Constraints: non-linear dynamical systems with uncertain parameters

• genetic regulations described by sigmoidal functions

• parameter uncertainties due to environmental fluctuations
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Analysis of piecewise multi-affine (PMA) models

z Constraints: non-linear dynamical systems with uncertain parameters

• genetic regulations described by sigmoidal functions

• parameter uncertainties due to environmental fluctuations

z Approach: combination of discrete abstraction and model checking
tailored to efficient analysis of uncertain PMA models

[Batt et al., HSCC’07]
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Analysis of piecewise multi-affine (PMA) models

z Constraints: non-linear dynamical systems with uncertain parameters

• genetic regulations described by sigmoidal functions

• parameter uncertainties due to environmental fluctuations

z Approach: combination of discrete abstraction and model checking
tailored to efficient analysis of uncertain PMA models

[Batt et al., HSCC’07]

z But: verification of liveness properties generally fails

• liveness properties state that something will eventually happen

• fails because quantitative aspects of time abstracted away:
need to enforce progress of time in discrete abstraction
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Outline

1 Introduction

2 Model checking uncertain PMA systems by discrete abstraction

3 Liveness checking using transient regions

4 Transient region computation for uncertain PMA systems

5 Analysis of a transcriptional cascade

6 Discussion
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Gene network models

A B

ba

inhibition network
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Gene network models

A B

ba

inhibition network

ẋa = κa − γa xa

ẋb = κb r−(xa, θ
1
a, θ

2
a) − γb xb

x: protein
concentration,
θ: threshold
concentration,
κ, γ: rate parameters,

r−(xi, θi, θ
′
i):

θi θ′i xi

1

0

ramp functions for

genetic regulations
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Gene network models

A B

ba

inhibition network

ẋa = κa − γa xa

ẋb = κb r−(xa, θ
1
a, θ

2
a) − γb xb

x: protein
concentration,
θ: threshold
concentration,
κ, γ: rate parameters,

r−(xi, θi, θ
′
i):

θi θ′i xi

1

0

ramp functions for

genetic regulations

z Check property: ”At steady state, protein A concentration is high
(> θ2

a) and protein B concentration is low (< θb)”
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Gene network models

A B

ba

inhibition network

ẋa = κa − γa xa

ẋb = κb r−(xa, θ
1
a, θ

2
a) − γb xb

x: protein
concentration,
θ: threshold
concentration,
κ, γ: rate parameters,

r−(xi, θi, θ
′
i):

θi θ′i xi

1

0

ramp functions for

genetic regulations

z Check property: ”At steady state, protein A concentration is high
(> θ2

a) and protein B concentration is low (< θb)”
for every parameter p = (κa, κb) ∈ P = [14, 18] × [10, 15]
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PMA systems

z Partition of the state space: rectangles R ∈ R

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

xa

xb ẋa = κa − γa xa

ẋb = κb r−(xa, θ
1
a, θ

2
a) − γb xb

r−(xi, θi, θ
′
i):

θi θ′i xi

1

0
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PMA systems

z Partition of the state space: rectangles R ∈ R

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

xa

xb ẋa = κa − γa xa

ẋb = κb r−(xa, θ
1
a, θ

2
a) − γb xb

r−(xi, θi, θ
′
i):

θi θ′i xi

1

0

z Differential equation models ẋ = f(x, p), where

f is piecewise multiaffine function of state vector x ∈ X

f is affine function of parameter vector p ∈ P (κ’s and γ’s)

(multiaffine: products of different variables allowed)
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LTL specifications of dynamical properties

z Dynamical properties expressed in temporal logic LTL

• set of atomic proposition Π: xi < λi, xi > λi

• usual logical operators: ¬φ, φ1 ∧ φ2, φ1 ∨ φ2, φ1 → φ2

• temporal operators: Xφ, Fφ, Gφ, φ1Uφ2
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z Dynamical properties expressed in temporal logic LTL

• set of atomic proposition Π: xi < λi, xi > λi

• usual logical operators: ¬φ, φ1 ∧ φ2, φ1 ∨ φ2, φ1 → φ2

• temporal operators: Xφ, Fφ, Gφ, φ1Uφ2

θ2
a

θb

R6R4 R5

R1 R2 R3

xa

xb

θ1
a

”At steady state, protein A concentration

is high (> θ2
a) and protein B concentration

is low (< θb)”

∀p ∈ P, F G (xa > θ2
a ∧ xb < θb)
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LTL specifications of dynamical properties

z Dynamical properties expressed in temporal logic LTL

• set of atomic proposition Π: xi < λi, xi > λi

• usual logical operators: ¬φ, φ1 ∧ φ2, φ1 ∨ φ2, φ1 → φ2

• temporal operators: Xφ, Fφ, Gφ, φ1Uφ2

θ2
a

θb

R6R4 R5

R1 R2 R3

xa

xb

θ1
a

”At steady state, protein A concentration

is high (> θ2
a) and protein B concentration

is low (< θb)”

∀p ∈ P, F G (xa > θ2
a ∧ xb < θb)

z PMA system Σ = (f, Π) satisfy property φ for parameter p ∈ P iff
TX (p) |= φ with TX (p) embedding transition system
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Discrete abstraction

z PMA system Σ and parameter set P associated with discrete
abstraction T ∃

R
(P ) = (R,→∃

R,P , |=R), where

• R finite set of rectangles
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Discrete abstraction

z PMA system Σ and parameter set P associated with discrete
abstraction T ∃

R
(P ) = (R,→∃

R,P , |=R), where

• R finite set of rectangles

• →∃

R,P transition relation

θ2
a

θb

R6R4 R5

R1 R2 R3

x0

x1
x2 x3

xa

xb

θ1
a

p = (16, 12), x0 = (2, 2)

transition between same or adjacent
rectangles R and R′ iff for some p ∈ P

there exists a solution going from R to R′

R1 R2 R3

R4 R5 R6
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Discrete abstraction

z PMA system Σ and parameter set P associated with discrete
abstraction T ∃

R
(P ) = (R,→∃

R,P , |=R), where

• R finite set of rectangles

• →∃

R,P transition relation

• |=R satisfaction relation

θ2
a

θb

R6R4 R5

R1 R2 R3

x0

x1
x2 x3

xa

xb

θ1
a

p = (16, 12), x0 = (2, 2)

transition between same or adjacent
rectangles R and R′ iff for some p ∈ P

there exists a solution going from R to R′

R1 R2 R3

R4 R5 R6

R1 6|=R ‘xa > θ2

a
′

R1 |=R ‘xb < θb
′
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Model checking using discrete abstraction

z PMA system Σ and parameter set P associated with discrete
abstraction T ∃

R
(P ) = (R,→∃

R,P , |=R), where

• R finite set of rectangles

• →∃

R,P transition relation

• |=R satisfaction relation

z T ∃

R
(P ) can be used for proving universal properties of original

system Σ for sets of parameters

if T ∃

R
(P ) |= φ, then ∀p ∈ P , TX (p) |= φ

[Batt et al., HSCC’07]
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Model checking using discrete abstraction

z PMA system Σ and parameter set P associated with discrete
abstraction T ∃

R
(P ) = (R,→∃

R,P , |=R), where

• R finite set of rectangles

• →∃

R,P transition relation

• |=R satisfaction relation

z T ∃

R
(P ) can be used for proving universal properties of original

system Σ for sets of parameters

if T ∃

R
(P ) |= φ, then ∀p ∈ P , TX (p) |= φ

[Batt et al., HSCC’07]

z But: verification may fail because of spurious executions

if T ∃

R
(P ) 6|= φ, then no conclusion !
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Outline

1 Introduction

2 Model checking uncertain PMA systems by discrete abstraction

3 Liveness checking using transient regions

4 Transient region computation for uncertain PMA systems

5 Analysis of a transcriptional cascade

6 Discussion
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Liveness checking

z Model checking liveness properties generally fails

xa

xb

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

”Eventually, the system will remain in R3”
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R1 R2 R3
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Liveness checking

z Model checking liveness properties generally fails

xa

xb

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

R1 R2 R3

R4 R5 R6

”Eventually, the system will remain in R3” F G(xa > θ2
a ∧ xb < θb)

False! counter-examples: eR1 = (R1, R1, R1, . . .)
eR2 = (R2, R5, R2, R5, . . .)

G. Batt, C. Belta and R. Weiss Model Checking Liveness Properties of Genetic Regulatory Networks TACAS’07 13 / 27



Liveness checking

z Model checking liveness properties generally fails

xa

xb

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

R1 R2 R3

R4 R5 R6

”Eventually, the system will remain in R3” F G(xa > θ2
a ∧ xb < θb)

False! counter-examples: eR1 = (R1, R1, R1, . . .)
eR2 = (R2, R5, R2, R5, . . .)

z These counter-examples are spurious!

G. Batt, C. Belta and R. Weiss Model Checking Liveness Properties of Genetic Regulatory Networks TACAS’07 13 / 27



Transient regions

Definition
Let p ∈ P and U ⊆ X . U is transient for parameter p if for every

solution ξ such that ξ(0) ∈ U , there exists τ > 0 such that ξ(τ) /∈ U .
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Transient regions

Definition
Let p ∈ P and U ⊆ X . U is transient for parameter p if for every

solution ξ such that ξ(0) ∈ U , there exists τ > 0 such that ξ(τ) /∈ U .

xa

xb

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

all the regions not containing R3 are transient
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Time-diverging executions

Definition
Let P ⊆ P. An execution eR = (R0, R1, . . .) of T ∃

R
(P ) is

time-diverging iff for some p ∈ P , there exist a solution ξ and a

sequence of time instants τ = (τ0, τ1, . . .) such that limi→∞ τi = ∞
and ξ(τi) ∈ Ri, for all i ≥ 0.
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Time-diverging executions

Definition
Let P ⊆ P. An execution eR = (R0, R1, . . .) of T ∃

R
(P ) is

time-diverging iff for some p ∈ P , there exist a solution ξ and a

sequence of time instants τ = (τ0, τ1, . . .) such that limi→∞ τi = ∞
and ξ(τi) ∈ Ri, for all i ≥ 0.

xa

xb

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

eR1 = (R1, R1, R1, . . .) and
eR2 = (R2, R5, R2, R5, . . .)

are time-converging executions
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Transient regions and time-converging executions

z An execution eR remains eventually always in a strongly connected
component (SCC) of T ∃

R
(P ), SCC(eR) ⊆ X
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Transient regions and time-converging executions

z An execution eR remains eventually always in a strongly connected
component (SCC) of T ∃

R
(P ), SCC(eR) ⊆ X

z SCC(eR) cannot be transient if eR is time-diverging!

Proposition

Let P ⊆ P and eR be an execution of T ∃

R
(P ). If SCC(eR) is transient

for all p ∈ P , then eR is time-converging.
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Transient regions and time-converging executions

z An execution eR remains eventually always in a strongly connected
component (SCC) of T ∃

R
(P ), SCC(eR) ⊆ X

z SCC(eR) cannot be transient if eR is time-diverging!

Proposition

Let P ⊆ P and eR be an execution of T ∃

R
(P ). If SCC(eR) is transient

for all p ∈ P , then eR is time-converging.

xa

xb

θ1
a θ2

a

θb

R6R4 R5

R1 R2 R3

SCC(eR1) = {R1} and
SCC(eR2) = {R2, R5} are transient regions

So eR1 and eR2 are time-converging
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Ruling-out time-converging executions

z Approach (assuming that transient regions can be computed)

1 compute discrete abstraction T ∃

R
(P ) and its SCCs

R1 R2 R3

‘transient’ ‘transient’

‘transient’ ‘transient’ ‘transient’

¬‘transient’

R4 R5 R6

SCCs: {R1} {R2, R5} {R3} {R4} {R6}
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Ruling-out time-converging executions

z Approach (assuming that transient regions can be computed)

1 compute discrete abstraction T ∃

R
(P ) and its SCCs

2 test whether SCCs are transient or not

R1 R2 R3

‘transient’ ‘transient’

‘transient’ ‘transient’ ‘transient’

¬‘transient’

R4 R5 R6

SCCs: {R1} {R2, R5} {R3} {R4} {R6}
transient? Y Y N Y Y
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Ruling-out time-converging executions

z Approach (assuming that transient regions can be computed)

1 compute discrete abstraction T ∃

R
(P ) and its SCCs

2 test whether SCCs are transient or not

3 label every rectangle in a transient SCC by ‘transient’, and
test whether T ∃

R
(P ) |= φ′, where φ′ = (¬F G ‘transient’) → φ

R1 R2 R3

‘transient’ ‘transient’ ‘transient’

¬‘transient’‘transient’‘transient’

R4 R5 R6

T ∃

R
(P ) |= φ′? with φ′ =

(¬FG ‘transient’) → FG (xa > θ2

a ∧ xb < θb)
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Ruling-out time-converging executions

z Approach (assuming that transient regions can be computed)

1 compute discrete abstraction T ∃

R
(P ) and its SCCs

2 test whether SCCs are transient or not

3 label every rectangle in a transient SCC by ‘transient’, and
test whether T ∃

R
(P ) |= φ′, where φ′ = (¬F G ‘transient’) → φ

R1 R2 R3

‘transient’ ‘transient’ ‘transient’

¬‘transient’‘transient’‘transient’

R4 R5 R6

T ∃

R
(P ) |= φ′? with φ′ =

(¬FG ‘transient’) → FG (xa > θ2

a ∧ xb < θb)

True!
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Outline

1 Introduction

2 Model checking uncertain PMA systems by discrete abstraction

3 Liveness checking using transient regions

4 Transient region computation for uncertain PMA systems

5 Analysis of a transcriptional cascade

6 Discussion
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Transient region computation for PMA systems

Convexity properties of affine and multiaffine functions

• Let f be an affine function and P be a polytope. Then, ∀p ∈ P ,

f(p) ∈ hull({f(w) | w ∈ VP }).
[Habets et al., Trans Aut Contr, 06]

w2

w1

f(p)

f(w4)

f(w2)

f(w3)

f(w1)

P

w3
w4

p
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Transient region computation for PMA systems

Convexity properties of affine and multiaffine functions

• Let f be an affine function and P be a polytope. Then, ∀p ∈ P ,

f(p) ∈ hull({f(w) | w ∈ VP }).
[Habets et al., Trans Aut Contr, 06]

• Let f be a multiaffine function and R be a hyperrectangle. Then,

∀x ∈ R, f(x) ∈ hull({f(v) | v ∈ VR}).
[Belta and Habets, Trans Aut Contr, 06]

w2

w1

f(p)

f(w4)

f(w2)

f(w3)

f(w1)

P

w3
w4

p

f(v2)
R

v1 v2

v4 v3

f(x)

x

f(v4) f(v3)

f(v1)
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Transient region computation for PMA systems

Proposition
Let P ⊆ P be a polytope and U a union of rectangles.

If 0 /∈ hull({f(v,w) | v ∈ VR, R ⊆ U,w ∈ VP}), then U is transient for

all parameters p ∈ P .

xa

xb

θ1
a θ2

a

θb

R6R5

R1 R2 R3

R4

x ∈ R2 ∪ R5,
p ∈ P = [14, 18]× [8, 14]

R2 ∪ R5 is transient for all p ∈ P

z Decidable by solving linear optimization problem

z Implemented in RoVerGeNe (Robust Verification of Gene Networks)
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1 Introduction

2 Model checking uncertain PMA systems by discrete abstraction

3 Liveness checking using transient regions

4 Transient region computation for uncertain PMA systems
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Robustness analysis of transcriptional cascade

z Previous analysis of synthetic transcriptional cascade suggested
parameter modifications for network tuning

transcriptional cascade

ultrasensitive IO response
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Robustness analysis of transcriptional cascade

z Previous analysis of synthetic transcriptional cascade suggested
parameter modifications for network tuning

transcriptional cascade

ultrasensitive IO response 10
1

10
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10
3

10
4

10
3

10
4
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5

10
6

[ATC] (copies per cell)

[E
Y

F
P

] (
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pi
es

 p
er
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el

l)

Input/Output behavior of transcriptional cascade at steady state

ẋtetR = κtetR − γtetR xtetR,

ẋlacI = κ0
lacI

+ κlacI (1 − r+(xtetR, θ1
tetR, θ2

tetR) r−(uaTc , θ1
aTc , θ2

aTc)) − γlacI xlacI

ẋcI = κ0
cI + κcI r−(xlacI , θ1

lacI
, θ2

lacI
) − γcI xcI

ẋeyfp = κ0
eyfp

+ κeyfp r−(xcI , θ1
cI , θ2

cI ) − γeyfp xeyfp PMA model
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Robustness analysis of transcriptional cascade

z Previous analysis of synthetic transcriptional cascade suggested
parameter modifications for network tuning

transcriptional cascade

ultrasensitive IO response 10
1

10
2
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3
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4
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3
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4

10
5
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[ATC] (copies per cell)
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F
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] (
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er
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el

l)

Input/Output behavior of transcriptional cascade at steady state

ẋtetR = κtetR − γtetR xtetR,

ẋlacI = κ0
lacI

+ κlacI (1 − r+(xtetR, θ1
tetR, θ2

tetR) r−(uaTc , θ1
aTc , θ2

aTc)) − γlacI xlacI

ẋcI = κ0
cI + κcI r−(xlacI , θ1

lacI
, θ2

lacI
) − γcI xcI

ẋeyfp = κ0
eyfp

+ κeyfp r−(xcI , θ1
cI , θ2

cI ) − γeyfp xeyfp PMA model

z Does modified network behave robustly?
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Robustness analysis of transcriptional cascade

z Test whether expected property holds for parameter variations
up to ±10% (or ±20%) (11 uncertain parameters)
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Robustness analysis of transcriptional cascade

z Test whether expected property holds for parameter variations
up to ±10% (or ±20%) (11 uncertain parameters)

1 specify expected (liveness) property

φ1 = uaTc < 100 → FG (2.5 102 < xeyfp < 5 102)
∧ 100 < uaTc < 200 → FG (2.5 102 < xeyfp < 106)
∧ uaTc > 200 → FG (5 105 < xeyfp < 106).
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Robustness analysis of transcriptional cascade

z Test whether expected property holds for parameter variations
up to ±10% (or ±20%) (11 uncertain parameters)

1 specify expected (liveness) property

φ1 = uaTc < 100 → FG (2.5 102 < xeyfp < 5 102)
∧ 100 < uaTc < 200 → FG (2.5 102 < xeyfp < 106)
∧ uaTc > 200 → FG (5 105 < xeyfp < 106).

2 check whether property holds for all parameters in given sets

• Answer for ±10% parameter variations: Yes
→֒ proves that property true for all parameters

• Answer for ±20% parameter variations: No
→֒ suggests that property false for some parameters
(confirmed by manual analysis of counter-example)

z Approach can prove non-trivial liveness property of a 5-dimensional
state space and 11-dimensional parameter space system in < 4 hrs
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Summary

z Extends previous work on verification of uncertain PMA systems
modelling gene networks by means of discrete abstraction
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Summary

z Extends previous work on verification of uncertain PMA systems
modelling gene networks by means of discrete abstraction

z Problem: liveness checking on discrete abstraction generally fails

Quantitative aspects of time abstracted away

z Transient regions allow to rule-out time-converging behaviors

Executions remaining eventually always in transient regions are

time-converging

z Efficient approach for computation of transient regions for
uncertain PMA systems

Use of convexity properties of PMA systems

z Approach implemented in RoVerGeNe and applied to analysis of
synthetic gene network

Approach can answer efficiently non-trivial questions on networks

of biological interest
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Discussion

z Related work:

• spurious behaviors introduced by abstraction process ruled out
using fairness constraints

[Bouajjani et al., SAS’01], [Dams et al., WAVe’00]

• verification of liveness properties limited to systems having
simple continuous dynamics (timed automata)
[Bengtsson et al., STTT’98], [Bouajjani et al., SAS’01], [Wang et al., Trans Soft Eng 06]
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[Bouajjani et al., SAS’01], [Dams et al., WAVe’00]

• verification of liveness properties limited to systems having
simple continuous dynamics (timed automata)
[Bengtsson et al., STTT’98], [Bouajjani et al., SAS’01], [Wang et al., Trans Soft Eng 06]

z Future research directions:

• application to other classes of hybrid systems

• use abstraction that preserves quantitative aspects of time:
timed abstraction
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