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Constraint System for the Equality Theory.

Let 7 be a set of variables.
For every term ¢:
o fv(¢) denotes the set of free variables of ¢;

@ bv(¢p) denotes the set of bound variables of ¢.

Constraints € :=1|EC€ A€ | x(€) | x=y

common to all
constraint systems

For ¢ € €, we can always suppose that:
e fv(p) Nnbv(¢ph) = @;
@ each variable is bound at most one time.
Axioms In addition to logical axioms for 1 and A and 3:
0 Fex=ux;
o x=ykgy=x
@ x=y,y=zk¢x=2z

For every variable ¢, let X enumerate fv(¢). We always have F« Ix ().
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Equality Theory and Disjoint-sets.

For every constraint ¢, we denote x ~~. y when x = y is a sub-term of c.

Axyzt(a=xAb=yAx=yAc=dAz=1)

(a) (1)

[ c

0220800550
Definition

A partition ‘B of fv(c) is a model for a constraint c if for every x, y € fv(c) such
that x~>.--- ~>. ¥, we have x and y in the same equivalence class of ‘3.
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Model Ordering.

Definition

31 = P, when for every x and y belonging to the same equivalence class of
1, we have x and y in the same equivalence class of J3,.
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Smallest Model.

For every constraint ¢, we denote x =, y when there exists z such that
X~mgensczand yse e v 2

Proposition

For every constraint c, = is an equivalence relation and the induced
partition is the smallest model of c.

Proposition

For every x,yetv(c), ck¢ x=yifand only ifx=.y.

v
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Constraint Entailment.

Axyztla=xAb=yAx=yAc=dAz=1)
?

Fe
Juva=uAb=unc=vAd=V)

u v
(&) (&} C2 (%]
(5}
1 C1
AN NN AN\
X A y z A t

Proposition

c1 b ¢ ifand only if, for every x,y € fv(cp) such that x =, y, we have x and y
in the same equivalence class in every model of c; .

It suffices to check in the inclusion between smallest models restricted to
free variables.
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A Very Simple Logic Language.

Program
closed term
Pi=NX( € = €)?
~—~— ~—~—
hypotheses  query

o
Execution Scheme
© Build the smallest model associated to the hypotheses.
@ Read the model to check whether the query is entailed.
v
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Build the Smallest Model Associated to a Constraint.

C=3dglg=ana=b)A3ij(d=ine=jAThkl(i=hAnj=knf=Inc=h)Ad=e

ONONORONO
® ®

@
ONONONO
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Build the Smallest Model Associated to a Constraint.

C=3dglg=ana=b)A3ij(d=ine=jAThkl(i=hAnj=kAnf=INnc=h)Ad=e
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Build the Smallest Model Associated to a Constraint.

C=3dglg=ana=b)A3ij(d=ine=jAThkl(i=hAnj=knf=INc=h)Ad=e

D ® © @ ©
® ®

9
® 0 ®O

Thierry Martinez (Equipe-Projet Contraintes) |Disjoint-set Data Structure for Equality Theory

DA




Build the Smallest Model Associated to a Constraint.
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Build the Smallest Model Associated to a Constraint.
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Build the Smallest Model Associated to a Constraint.
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Build the Smallest Model Associated to a Constraint.

C=3dglg=ana=b)A3ij(d=ine=jAThkl(i=hAnj=kAf=Inc=h)Ad=e
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Build the Smallest Model Associated to a Constraint.
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Build the Smallest Model Associated to a Constraint.

C=3dglg=ana=b)A3ij(d=ine=jAThkl(i=hAnj=kAnf=INc=h)Ad=¢

ONONORONOINNG
®® 00O®Oo

Two op-codes }

xiyandxiy
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Compiling Queries.

Go:=1|6NG6p|lx=y

Proposition

For every c€ €, there is a computable [ c] € 6, such that c -+ [c].

Proof.
Computation. cd-a=bAc=dAc=e

(0 @ ®
(& (n i

¢k [c]. cand [c] have the same models.

(~
oS~
~

O

v
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Compiling Queries.

<€0::=1|<€0/\<€0|x=y

Proposition

For every c € €, there is a computable [ c] € €y such that c - [].

Proof.
Computation. Let ‘3 be the smallest model of c.
[d= A Ax=vy
Pes yeEV

#(Pnfv(c))=2
{x}wV = Pnfv(c)

¢t [c]. cand [c] have the same models.
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Extension to Rational Terms.

Constraints € :::} | 6 N6 | Elx(<€)l [x=yl| x=f(7)

common to all
constraint systems

New Op-codes Labelled equivalence classes.

o struct(x, f (7)) to label an equivalence class, possible
previous label must match and equality constraints on
arguments are added.

@ y — structz(x, f) to check that x has the functor f, then

extract arguments.

Thierry Martinez (Equipe-Projet Contraintes) |Disjoint-set Data Structure for Equality Theory 2008-05-26 11/22



Build the Code Associated to a Rational Tree Query.

Cz3xyza=f,y) Ax=flz,y) ANz=f(x,)))

Q (x,y) < structz(a, f)
Q (z,)1) < structz(x, f)
2
Q n=y
Q (x1,)») < structz(z, f)
Q X1 ; X
?
Q =y
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State Minimization.

C=3xyzia=fx,y) Ax=f(z,y) Nz=f(x,)))

Q (ay1,y) < structz(a, f)

?
Q a1=a
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Equivalence Classes as Variable Trees.
Op-codes implementation:

x=y “link(find(x), find(y))”

x; y check whether “find(x) = find(y)”
where:

find(x) Follows the arcs from x up to find the root. Root is returned.
link(x,y) Adds an arc from x to y. Prerequisite: x former root, y root.
Cz3g(g=anb=g ATijld=ine=jAThkl(i=hAj=knf=Inc=h)Ad=e

WOOLO O
©® 00®O

Proposition

For a sequence of m operations, among which n are “link” operations, the
total complexity is @ (mn).
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Equivalence Classes as Variable Trees.
Op-codes implementation:

x=y “link(find(x), find(y))”
x y check whether “find(x) = find(y)”
where:
find(x) Follows the arcs from x up to find the root. Root is returned.
link(x,y) Adds an arc from x to y. Prerequisite: x former root, y root.
Cz3g(g=anb=g ATijld=ine=jAThkl(i=hAj=knf=Inc=h)Ad=e

@O ®
® ® @5@@

For a sequence of m operations, among which n are “link” operations, the
total complexity is @ (mn).

Proposition
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Equivalence Classes as Variable Trees.
Op-codes implementation:

x=y “link(find(x), find(y))”
x y check whether “find(x) = find(y)”
where:
find(x) Follows the arcs from x up to find the root. Root is returned.
link(x,y) Adds an arc from x to y. Prerequisite: x former root, y root.
Cz3g(g=anb=g ATijld=ine=jAThkl(i=hAj=knf=Inc=h)Ad=e

§6- 5600

For a sequence of m operations, among which n are “link” operations, the
total complexity is @ (mn).

Proposition
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Equivalence Classes as Variable Trees.
Op-codes implementation:

x=y “link(find(x), find(y))”
x y check whether “find(x) = find(y)”
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For a sequence of m operations, among which n are “link” operations, the
total complexity is @ (mn).
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Equivalence Classes as Variable Trees.
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Heuristic 1: Union by Rank.

Roots keep track (of an upper-bound) of tree heights.

Cza=enb=enc=fnrnd=fnf=e

© 9
@ ® © @

Proposition

For a sequence of m operations, among which n are “link” operations, the
total complexity is ®(mlogn).
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Heuristic 1: Union by Rank.

Roots keep track (of an upper-bound) of tree heights.
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For a sequence of m operations, among which n are “link” operations, the
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Heuristic 2: Path Compression.

Once “find” obtains the actual root, update the arc to directly point to it.

C=b=anc=and=ane=aNf=a

@ ® 0 @ 0 O

Proposition

For a sequence of f “find” operations and n ‘link” operations, the total
complexity isO(n+f-(1+10gy, s/, 1).
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Heuristic 2: Path Compression.

Once “find” obtains the actual root, update the arc to directly point to it.

Czb=anc=and=ane=anf=a

Proposition

For a sequence of f “find” operations and n ‘link” operations, the total
complexity isO(n+f-(1+10gy, 7/, 1).
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A very quickly growing function...

Definition
For integers m, n = 0:

n+1 ifm=0,
Am,n) =< Aim-1,1) ifm>0and n=0,
Am-1,Aim,n—1)) ifm>0andrn>0.

m |01 2 3 4 5

2

Am1) |2 3 5 13 65533 22 —31080
——
65536
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...and its very slowly growing inverse.

Definition

For n=0:
a(n) =min{k|A(k,1) =1}

For all practical purposes

a(n) <5
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Quasi-linear complexity.

Proposition

For a sequence of m operations, among which n are “link” operations, the
total complexity is O(ma(n)).
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cc(=)

Program

Pri=e|p(X)—oA. P
oA = (L) | Ax(A) | p(X) | tel(B) | V% (€ — )
N————

33X (©—TX (tell(0) || @)

Thierry Martinez (Equipe-Projet Contraintes) |Disjoint-set Data Structure for Equality Theory



New Op-codes for Translating cc(=)

call p(x) / return Flow-control operations.
freeze(x; ¥,Code) Ask on atomic constraints.
(a=bAnb=c—A=(@a=b—(b=c—A)

? ?
~ freeze(a= b, freeze(b= c, [A]))
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Conclusion

Good things

@ The entailment checker can be deduced from the
smallest model of the constraint.

o Computing the smallest model offline allows to produce
optimal code for the virtual machine (when used with
minimization for rational terms).

Open questions

o Better representation for the freeze on equalities.

o Extension with linear tokens.
Let fi,...,fn be closures in a lcc/RH program (with asks
(do(f1) — a)ll... I(do(fn) — an)). If implemented naively,

tell(do(x)) leads to freezes on xifl, e x;fn.
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